DEPARTMENT OF MATHEMATICS
  
Mathematical Logic
  
 Assignment 3 Solutions 
  
  
  
1.
i.
By an application of Gen. on v0, free in P0 (v0), we have 



P0 (v0)  (v0 P0 (v0) 


But now, suppose we were to misapply the Deduction Theorem to this case to get 



P0 (v0) ( (v0 P0 (v0)) 


This is false, because P0 (v0) ( (v0 P0 (v0)) is not universally valid. 
Consider the structure A  = < A, R0 >, A = {a, b}, R0 = {a} and assignment a = <a, … > then Val ((P0 (v0) ( (v0 P0 (v0)), A, a ) = T iff if a  R0 then, for all x  A, x  R0, 
which is false. 
  
ii.
Required to prove: { (v0 ( ( ) }  ((v0  ( ), v0 not free in  


Consider the proof from { (v0 ( ( ), ( } 


1.
(v0 ( ( )


Hypothesis 


2.
((v0 ( ( ) ( ((v0) ( ))
QS2, v0 not free in  


3.
(v0) ( 


1, 2, MP 


4.
(((v0) ( ) ( (( ( ((v0)))
Tautology 


5.
(( ( ((v0))



3, 4, MP 


6.
(



Hypothesis. 


7.
((v0)



5, 6, MP 


8.
(v0 (



Gen. 


9.
(v0  ((v0 (


QS4 


10.
((v0  ((v0 () ( ((v0 ((((v0 )
Tautology 


11.
(v0 ((((v0 
9, 10, MP 


12.
((v0 



8, 11, MP 


So we have { (v0 ( ( ), ( } ((v0 



then, by contraposition, { (v0 ( ( ), (v0  } 
v0 not free in  


so, by Deduction Theorem { (v0 ( ( ) } (v0  (  sincev0 not free in (v0  
  

iii.
a.
i.
Required to prove:    iff   




[only if:] Trivial. If    then   by one-line proof 




[if:] By contrapositive: Suppose    
then, by fullness of , (   
so  ( 
but then not  by consistency of . QED. 
  



ii.
Required to prove: (   iff    




[only if:] Suppose (   then  (
now if   then   
but then   and  (which contradicts the consistency of   
So, by reductio,    




[if:] By contrapositive: Suppose (   then   by fullness. QED. 
  
b.
Required to prove:  is full iff is inconsistent for all sentences where    
[only if:] Suppose  full and   
then (   by fullness 
so  (
but then ( 
yet  so is inconsistent. 
[if:] Suppose is inconsistent for all sentences in the language of where    
Now suppose is not full, so that for some sentence ,   and (  . 
Then is inconsistent by hypothesis, 
so ( by RAA. 
but also (is inconsistent by hypothesis, 
so (( by RAA. 
ie.  
but then  is inconsistent. 
This contradicts our assumption, 
so there can be no such that   and (  . 
ie. is full. QED. 
  
2.
i.
Required to prove: if Th() then   Th() for any  in the language of  


Suppose Th() 
then Th() by the completeness of predicate calculus. 
ie. every model of Th() satisfies  
but an interpretation is a model of Th() iff it is a model of by the construction of Th(), so every model of satisfies . 


ie.  


but then   Th(). QED. 
  

ii.
RTP: if  is categorical then Th() is full. 
Suppose is categorical, ie. there is a model, A  say, such that for all sentences in the language of 

A   


Consider some sentence in the language of 
Suppose   Th(ie.  


Then A  because  is categorical. 


so A  (by the definition of the ‘Val’ function, 


and (by ’s categoricity. 


Therefore ( Th() 


so Th() is full. QED. 
  
3.
ii.
We can uniquely and effectively code up formulae and sequences of formulae as natural 


numbers in such a way that given any natural number the formula or sequence of 

formulae it encodes is retrievable by an effective procedure. Call this encoding the “Gödel number” of a formula or sequence of formulae. Now, given a sequence of formulae we can define an effective procedure for confirming whether or not the sequence is a proof from the axioms of formal arithmetic to the terminal formula of the sequence (and, for that matter, it is a relatively simple thing to define an effective procedure to check if a given string of symbols is a formula with one free variable, and simpler still to give a procedure for checking a string to see if it is the term for a numeral of arithmetic.) 
Given the claim that all effectively computable relations are recursive, and the further claim that all recursive relations are representable in FA, we have that the relation

Pf (x, y, z): “y is the Gödel number of a formula  (v1) with just v1 free, and x is the Gödel number of a proof of  (z ) from FA” is representable in FA, since it is easy to see from the foregoing that it is effectively computable. Call the formula that represents it Pf (v0, v1, v2). Now consider the formula of the language of FA: 

 (v1):
((vo Pf (v0, v1, v2) 

Suppose this formula has the Gödel number g. 

Consider  (g ): 

 (g ) is true, interpreted as a statement of arithmetic (ie. the standard model  (g)), iff there is no n  N (the naturals) such that n is a Gödel number for a proof of  (g ) 


iff not FA  (g ) 

Suppose FA consistent and suppose 


FA  (g)
(ie. FA  ((vo Pf (v0,g,g) 


then let n be the Gödel number of the proof. 
So Pf (n, g, g) is true from our definitions of Pf. 
Now, since Pf represents Pf in FA, 
FA Pf (n,g,g) 
then, by predicate calculus 
FA  (vo Pf (n,g,g) 


But this contradicts our supposition that FA is consistent. 


So not FA  (g) 
