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1.
What can we say of an arbitrary model A  = < A, f0, c0 > of ? 
f0 must be a one to one map of A onto A – {c0} by S1, S2, and S3 and by S4.n there can be no ‘loops’ of size n. 
Thus A must contain the ‘standard’ points: 

c0 ( f0 (c0) ( f0 (f0 (c0)) ( … 
where the arrows indicate the action of f0. 
There may or may not be other points … 
If there is another point a in A then there will be f0 (a), and f0 (f0 (a)), and so on. 
Not only that, but since (by S3) each element apart from c0 has a ‘predecessor’ (some point from which we can reach the element via an application of f0) and, by S2, that point is unique, A must also contain the predecessor of a, its predecessor, and so on. These must all be distinct since we can have no loops from the S4.n. 
Thus a belongs to a Z-chain: 

* ( * ( a ( f0 (a) ( f0 (f0 (a)) ( … 
(Call them Z-chains because they are arranged like the set Z of integers { …, -2, -1, 0, 1, 2, … }) 
There can be any number of Z-chains, but each must be disjoint from the others and from the standard part, by S2, since we can go on adding new ‘elements’, ai, distinct from all so far. 
Conversely, any structure that has a standard part 

c0 ( f0 (c0) ( f0 (f0 (c0)) ( … 
and a non-standard part consisting of any number of separate Z-chains is a model. (We can check that all the axioms will be satisfied.) 
So this is a complete characterization of the models of . 
  
2.
a.
{ (v, (v( } 
 (v 


“
  


“
 (v(


“
 ( 

So 
{ (v } 
 (v((      by Deduction, Gen. not used. 

et sim.
{ (v } 
 (v((( 

however, { (v }  (((v(() ( (((v((() ( ((v() by QS1 

since it is a theorem of PS that ((p(q) ( ((p((q) ( (p) 

so
{ (v } 
 ((v(

ie.
{ (v } 
 (v 
by QS4 and MP 
  
b.
1.
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hypothesis 

2.
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1, QS2 

3.
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QS1, a theorem of PS 

4.



2, 3, MP 

5.
(v


4, Gen. 

6. 
(( ) ( 

QS1, a theorem of PS 
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2, 6, MP 
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7, Gen. 

9.
(v ( ((v ( ((v( (v))
QS1, a theorem of PS 

10.
(v( (v

9, 5, 8, 2xMP. QED. 
  
c.
1.
{ (v, (v }  (v
Hypothesis 

2.
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QS2 

3.
 


1, 2, MP 

4.
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Hypothesis 

5.
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QS2 

6.
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4,5, MP 

7.
 ( 


3, 6 

8.
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7, Gen. QED. 
  
3.
a.
Required to prove: if   t1 ( t2 and   t2 ( t3 then   t1 ( t3. 


Suppose
  t1 ( t2 and   t2 ( t3 
(*) 


Now 
  (v0 (v1 ((v0 ( v1) ( ((t1 ( v0) ( (t1 ( v1)))
from QS6 


So 
  (v1 ((t2  ( v1) ( ((t1 ( t2) ( (t1 ( v1))) 


and 
  (t2  ( t3) ( ((t1 ( t2) ( (t1 ( t3)) 


thus
  t1 ( t3 




*, MP 
  
b.                Similarly, suppose t1 ( t2

Now
  (v0 (v1 ((v0 ( v1) ( ((F(v0) ( F(v0)) ( (F(v0) ( F(v1)))) 
QS6 
(substituting v0 for x, v1 for y, and (F(x) ( F(x)) for ) 
So
  (t1 ( t2) ( ((F(t1) ( F(t1)) ( (F(t1) ( F(t2))) 
2xQS2 
Then
  (F(t1) ( F(t1)) ( (F(t1) ( F(t2)) 

MP 
but note
  (v0 (v0 ( v0)




QS5 
so
  F(t1) ( F(t1)




QS2 
and now
  F(t1) ( F(t2)




MP 
  
4.
RTP: 
FA  s(s(0)) + s(0) ( s(s(s(0))) 
or, if you prefer, 
FA  F2(F1(F1(c0)), F1(c0)) ( F1(F1(F1(c0))) 
We have FA (v0 (v0 + 0 ( v0)


S4 
so
FA  s(s(0)) + 0 ( s(s(0))


QS2 
and
FA  s(s(s(0)) + 0) ( s(s(s(0)))

by 1.b.
(*) 
But
FA  (v0 (v1 (v0 + s(v1) ( s(v0 + v1))
S6 
so
FA  (v1 (s(s(0)) + s(v1) ( s(s(s(0)) + v1))
QS2 
and so 
FA  (s(s(0)) + s(0) ( s(s(s(0)) + 0))
QS2
(**) 
And so
FA  s(s(0)) + s(0) ( s(s(s(0)))

*, **, 1.a. 
